2D motion control of a nonholonomic vehicle
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5.9.Saturatedi{ = 0.5, solid lines) and unsaturated (dashed lines) results for the same initial configura-
tion (1,1, —77/4) and same gaing= 1, 5 = 2.91, h = 2.
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5.10.Saturated velocity input signal
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andV gives
e = e cos (v

Cefa+1

. ve sin o
= — — 5.22
“ e/a+1 <C e > (-22)

0 = Lsinoz

e/a+1
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= e/afy—l— 1 (asin oo + hf sin @ — cecy)

which suggests to chooseas

<sina 0 sin «
C =

+h-— +ﬂ%> (efa+1):8>0 (5.23)

With such a choice of the derivative of the candidate Lyapunov functigns once

again given by equation (5.13) and the whole global stability analysis described above
for the unsaturated = e control law can be easily replicated: the conclusion is that the
system given by equation (5.7) is globally asymptotically stable under the action of the
control signals: andc given by equations (5.21) and (5.23) (or equations (5.15)). Indeed
whene < a the two control strategies are identical an so are the stability properties of
the system. On the contrary whens- a the linear velocityu tends to its upper bound

~a (rather then to infinity) and tends to the finite, but not null, value of:

sin o

1
lim ¢ = — <sina+h8

Ee— 00 a

+ ﬂoz>
«
This shows that the parameter must be tuned keeping into account a trade off between
the maximum allowed linear speed and the maximum allowed curvature. Notice
however that the curvature of the path generated by the controls given by equations
(5.23) and (5.21) will generally be larger then the curvature relative to the unsaturated
scheme: indeed the curvature given by equation (5.23) is the same one given by equa-
tions (5.15) multiplied by(e/a + 1) > 1. The bounded, smooth and ‘slow’ depen-
dence ofu from e given by equation (5.21) is payed in terms of a larger curvature. This
is clearly visible in the simulation results shown in figures (5.11) (5.12).
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5.11.The solid and dashed line paths correspond to the implementatiorsoftthaturation scheme being
a=1,v=0.8,h=2,5 =291 and the unsaturated scheme bejng 1, h = 2, 3 = 2.91.
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5.12.The solid and dashed lines are relative tostifesaturation scheme and to the unsaturated scheme
of the paths shown in the previous figure.
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5.2 Path Planning

Having developed a time invariant control law that globally and asymptotically stabi-
lizes the car like systems given by equation (5.7) in the origin, attention is now focused
on the path planning problem. As discussed by Aicardi et al.[2] for the unicycle model,
assuming the target to move on a reference path such control scheme can be successfully
employed to design a path tracking controller. The pointis thus to generate a suitable ref-
erence path. In order to better define what should be considered a “suitable’ reference
path, some notation must be introduced. In the followiogmrfigurationwill denote the

vector describing the position and orientation at a certain time of the given system. The
configuration of &D vehicle is given, e.g., by &D vector(z,y, ¢) as shown in figure

(5.1). Consider an elongated rigid body in a fluid environment as an open frameROV
slender body AUMor a laminar plate grasped by a robotic manipulator moving (for sim-
plicity) in the planez = 0 (refer to figure (5.13)): as discussed in chat@eglecting

time varying currents the hydrodynamic load in deep wateb«:) where wave effects

are virtually absent is due to drag, lift and added mass forces. Drag is anti-parallel to the
velocity and drag coefficients are proportional to the surface of attach. Liftis normal to
the velocity direction, proportional to its value and to the angle of attach provided it is
small enough<{ 12° as an order of magnitude, stall occurs for higher values). Added
mass forces are proportional to acceleratigﬁ%,% through added mass coefficients
which depend on the body’s shape. To avoid large sway drag forces and surge added
mass forces that cause major hydrodynamic load on an elongated body the lateral sway
velocity v and the linear accelerati% should be kept null. Notice that the constraint

on null sway makes the present problem very similar to the nonholonomic car-like path
planning problem. Yaw velocity and acceleratio@;—’ should be minimized as the large
lateral surface produces strong moments along #oas. Lift forces can be controlled
through the value of surge velocity Thus assuming that= 0 and that surge veloc-

ity is kept constant and small to avoid added mass stresses and limit lift effects, the major
dissipative force acting on the body will be caused by drag rotation moment irdihe
rection that at low speeds (see chapgdes linear inr. The energy associated with such
drag moment is proportional tprdf = [r%ds = [rkds = u [ k*ds wheres is the
curvilinear coordinatel = r /u the paths curvature andthe constant surge velocity.

This calculation suggests to consider the minimization of the cost funétien | k?ds

with fixed boundary configurations as a path design criterion. Notice that such crite-
rion produces smooth paths that are, as far as their “elastic energy” is concerned, the
closest possible to a straight line. This makes the suggested criterion appealing also for
wheeled land robots and indeed the problem of finding a smooth and minimum cur-
vature trajectory between two given configurations has received a very wide attention
in the robotic literature, specially regarding the steering of nonholonomic mobile ro-
bots. From the pioneering work of Dubins [83] who calculated the shortest path of
bounded curvature among two configurations, many other authors focused their atten-
tion on the generation of bounded curvat2fepaths. In synthesis Dubins’ results state
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y |

5.13.Laminar plate moving at constanand with fixed yaw axis direction parallel to

that the shortestD path of bounded curvature between to fixed configurations may be
traced joining straight lines and circular arcs of curvature smaller or equal to the maxi-
mum allowed. Dubins results have been extended to the case of a vehicle moving both
back and forward by Reeds and Shepp [84]and more recently the issue of computing the
shortest path for a nonholonomic vehicle either in an obstacle free workspace or in pres-
ence of obstacles has been discussed and refined, among the others, by J.D.Boissonnat
et al.[85], X.N.Bui et al.[86], Desaulniers et al.[87], Reister et al.[88], A.M.Shkel et
al.[89], Bicchi et al.[90], Moutarlier et al.[91], Desaulniers et al.[92] and Szczerba et
al.[93]. Kanayama et al.[94] suggest the use of paths generated joining cubic spirals and
arc of circles to minimize two cost functions related to curvature and jerk energies while
A.M.Hussein et al.[95] generate smooth paths optimizing the integral of the square ac-
celeration instead of curvature. One of the cost functions used by Kanayama et al.[94],
and that is at the center of the present paper, is the integral over the path’s lengths of its
square curvature. A similar optimal criterion has been taken into account also by Reuter
[96] within an optimal control approach. Indeed the minimizatiorf éfds with fixed
boundary configurations is a problem with an interest of its own as such cost function
can be physically interpreted as proportional to the elastic energy of the curve. Due
to this fact the sought plane path is sometimes calledehst energy curven litera-

ture. Indeed this interpretation makes the problem appealing also to researchers of other
fields as A.M.Bruckstein et al.[97], B.K.PHorn [98] and M.Kallay [99] who addressed

a very similar problem to the one here discussed within a different framework and for-
mulation. It will be shown that Horn’s [98] and Kallay’s [99] results can be viewed

as the projection on a plane of a more gensgfalEuler-Poisson equation.
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5.2.1 Curvature

Consider a generic differentiable curGeparametrized by the coordinageso that in
Cartesian coordinates the points@firex = C1(€), y = C5(§), z = C5(&). The paths
curvilinear coordinate is defined as

3

32/ ‘%@‘)‘ d¢ (5.24)

0
being
d N dCy dCy dCs

—C £ - ==
aco — %ac Teac T
(e1,e2,e3) : reference unit vectors

and the unit tangent vectdr is defined as

. dC /|dC
T:%/‘% (5.25)

Differentiating equation (5.24) it follows that

ds dC‘

i = €T (5.26)
so that the unit tangefit can be computed as

_dC
 ds

By definition the curvature is a vector given by

» dT
 ds

(5.27)

K (5.28)

so that in the D case T ”
ke —=k=|—

ds ds

beingdf the angular deviation relative to a stépalong the path. In manyD appli-

cations thesigned curvature

P (5.29)

d
is adopted. Notice that havir unit constanbi norm, by definitiok andT are normal,
i.e. k- T = 0. To compute the curvatufeof a generic curv€& = (C1(£), C2(€), C5(&))
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the following formula is most useful

2

ic , &°C

kf2 — dg d2£
dC|’
dg

(5.30)

Equation (5.30) can be proved by direct calculation as follows: denoting with the sym-
bol’ the derivative with respect oand with/m the norm ofdC/d¢, i.e.

dC
LY - |2~
equations (5.25), (5.26) and (5.28) imply
C = mT (5.31)
C'" = m'T+m’k (5.32)

Next with reference to the vector property given by equation (2.3) and to the above
equations folC’ andC"”, consider

2

dC d?C

T A BE| T (CAC)- (CACH)=((CACHYANC).C' =

— _C// . (C/ /\ (C/ /\ C//)) — _C// . (C/<C/ . C//) _ C//(c/ . C/)) —
_ (C// . C”)(C/ . C/) _ (C/ . C//)Q — (m/Q € m4k:2)m2 _ m2m/ 2 _
= mPk?
which concludes the proof. In terms of the Cartesian coordinat&s, y(¢), z(€))
equation (5.30) yields

y’z” _ Z/y//)Q + (a:’z” _ z’a:”)2 + (a:’y” _ y’a:”)2

1{72_<
- (a:’2+y’2—|—z’2)3

(5.33)

Moreover from equation (5.32) it follows that
m=C"T=m’k=C'(T-T)-T(C"-T) =

/ iz /
m*’k =TA(C'"AT) =k = C Afg/,fc)

showing the relation between curvature vector and second derivative of a curve.

5.2.2 Planning criterion: a variational calculus approach

The above discussion regarding the energy that a rigid body dissipates dWing a

129 Giovanni Indiveri, Ph.D. Thesis



Path Planning

motion in a fluid suggested the minimization of the integral of the square curvature of
the path over length with fixed boundary configurations, i.e.

Jr = / ks (5.34)
( <$<0)7y<0)78<0)> = (%;yo,eo)

in2D <$<L)7y<L)78<L)) = (ajL;yLy QL) (535)
i—/ = tanfy ; % = tanfy,

(2(0),4(0), 2(0),p(0),4(0),7(0)) = (2o, Yo, 20, Po, 90, T0)
in3D (x(L),y(L),2(L),p(L),q(L), (L)) = (x1,Yr, 21, PL,9L,7L) (5.36)

p,q,r : Euler angles

Where in the2D casef, andf; are the initial and final angles between the curve
and thez-axis. A most natural setting to solve the minimization/efwith the given
boundary conditions is classical analytical variational calculus which is preferred to a
numerical optimal control solution as through variational calculus the general Euler-
Poisson differential equation that the solution must satisfy can be computed. Notice
that in equations (5.34), (5.35) and (5.36)s not fixed and if L. — oc it is always
possible to find a path for whichl; — 0 as can be understood from figure (5.14).

The cost on line segments is null and its value on the arc of c@ is %, so if
points P; and P, tend to infinity alsor will and .J; will tend to zero. The junctions
between straight lines and the arc of the circle where curvature is not defined can be
made smooth with a Cornu spiral [100] which will not affect the cost whkgrand

P, tend to infinity. Solutions of infinite length as the one shown in figure (5.14) can
not be found by variational calculus as they belong to the closure of the open set of
curves inft?. It will be demonstrated that if/(s) — 6o| > = holds for some, a finite

length solution never exists, so either an additional constraint on total length must be
added or the cost function must be changed in order to penalize length. Notice that the
minimization of.J; given by equation (5.34) as a planning criterion is somehow the dual
problem of the most popular Dubins problem that has been extensively analyzed in the
literature as discussed above. As a matter of fact the proposed planning criterion consists
in finding the ‘least curvature” path, i.earg min .J;, of bounded length as opposed to

the shortest path of bounded curvature, i.e. Dubins criterion. Within the nonholonomic
vehicle path planning literature similar approaches have been considered by Kanayama
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Xo

5.14.Infinite lenght solutions: a geometrical interpretation.
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et al.[94] and Reuter [96]. In particular Kanayama et al.[94] consider the minimization
of J; given by equation (5.34), but over a given fixed length: having fixed the length it

is not possible to satisfy boundary conditions as given in equations (5.35) on both the
starting and ending configurations, but at most on one of the two. This is a consequence
of the fact that the only solution of the minimization &f with fixed length, as stated

in [94], is an arc of a circle [101]: with reference to equation (5.29) and indicating with
 the derivative with respect to the curvilinear coordingtee. k = % £ ¢/(s),

L
min/o Q’st:ifixed@)%e’?( ) — 5889/9

0"(s) = 0= 0'(s) = const.
In the great majority of the practical situations length is not given a priori, but only
the initial and final configurations are. Indeed if the cdgtis to be interpreted as
proportional to the “elastic energy” of the path or to the energy dissipated by rotational
drag to join two given configurations, equations (5.35) must be satisfied. The cost
function considered by Reuter [96] within an optimal control framework is given by

L L 9
JRé/<a/{;2+ﬂ<d2k‘> )ds:aJI+ﬂ/<%> ds
0 0

with non-fixed length. The major advantage of considering such a cost function is that
having./r a dependance on bothandk”, boundary conditions may be imposed on the
direction, the curvature and the curvature derivative at the boundary positions, i.e. the
minimum of Jz must be computed adding to the boundary conditions given by equa-
tion (5.35) the conditions(0) = ko, k(L) = kg, k'(0) = ki, k'(L) = k). Nevertheless
in [96] only the numerical solution of the optimization problem min ./ is addressed
and such solutions solves the problem of intesegtnin .J; only if 5 = 0, thus a vari-
ational approach solution to the minimization.bffor a generic curve parametrization
will be presented for both th&/) and2D case.

With reference to equation (5.30) and remembering that for the arbitrary parame-
trization¢ the infinitesimal curve length elemedt can be written ags = (/2 4y % +
2/ 2)1/2 peing’ the derivative operator with respectgpothe cost function; is

(s)=0=

3

f
<y/z// /// /// // /)2
n o= / : € + / e (5.37)

$/2+y/2—|—2’/2 5/2 $/2+y/2+z/2)

&y

N <y//x/ //y/) dg
<$/2+y/2+z/2)5/2

0
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The 2D case, which must be optimized with boundary conditions given in (5.35), is
obtained forz = constant — 2/ = 2’ = 0. Indicating respectively witld7, GG, and

&y
G5 the three integrands of equation (5.37) the following hald= 77, [ G; d¢ and
0

5 ds
§ R A i

As eachd; is positive by definition, equation (5.37) will be minimized if and only if
each term of (5.37) will be; thus the minimization conditions for a generic t8fm
must be sought. Lets consider for exam@leand the minimization of = foff G5 d€.
Assuming . o
r — T

Fécg:<fg+y2+j%w2 (5.39)
and indicating withF), its partial derivative with respect to any quantityhe solution
(z(€),y(€),2(£)) to the minimization ofy = fff F' d¢ has to satisfy Euler-Poisson’s
equations [101]:

d d?
F,— —Fy+—F.u=0
d¢ +'d§2
d d” 5.40
@—%@+%ﬂy=o (5.40)
d
F,——F,=0
d¢

If the total length had been fixed t&* the optimal curve would have to satisfy (5.40)
with fixed boundary configurations as given by equations (5.3%)/inor equations
(5.36) in3D, and¢ ; such thatf(ff (z' 2 +9/ 24 2/ 2)V2d¢ = L*; if, on the contrary, the
total length is not fixed equation (5.40) must hold with fixed boundary configurations
given by equations (5.35) or (5.36) and with the constraint of null variaNondue

to the moving boundary,. The expression of the variatiohv due to the moving
boundary¢ ; can be calculated extending the same techniques [101] adoptedAvhen
depends on a single function and it’s first derivative, ile.= F'(z,y(z),y (x)), to

the present situation wheré = F' (¢, z,y, 2z, 2"y, 2", 2", y", 2”). Assuming equation
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(5.40) to be satisfied the variation due to moving boundary is

Ay = |:F o y//Fy,/ — y/ (Fy’ — diny” +

d
—QTHFSEH — (Fm’ - d_me”) — Z/Fz’ (ng—l—

3
—I—Fy//’Ef (Sy} + Fm”lff (SQT/f + (Fy/ — diny”)

_I_ (FCE/ - %Fm//)

(5.41)

oy
£ !

oxs+ Py, 6z
¢ f ’§f f

For fixed boundary configurations, as required by (5.35)4h éx; = dy; = 625 =

éxy = by = 62 = 0 andé¢; # 0 as the final configuration is assigned, but length is
not. Thus to guarantee nullv the term in square brackets of equation (5.41) must be
null. With reference to equations (5.40) and (5.39) notice that [, = F, = 0 and

F: = 0 by definition of /" so that the following first integrals must hold:

F:c’ - iFm” = —m
d§
d 5.42
by = gelv = —a 42
Fz’ = —G3

for some constanty, as anda;. Moreover, by direct calculation follows that

F — y”Fy// — a:”qu =-F

and that
d d
——F — - F— ”F//— ”Fm// =
" d " d "
= X [Fm/ — —Fm//] + Yy [Fy/ - —Fy//] + 2 Fz/

dg

Substituting equation (5.42) in this last equation and integrating implies

dg

<y//x/ _ y/x//)Q

- @2ty 2+ 2)52 = tayy +az + 5 (5.43)

This differential equation must be solved with boundary configurations given by equa-
tions (5.36) and eithef(ff (' 24y 2+ 2/ 2)V2d¢ = L*if L* is fixed, orAv = 0 being

Av defined in (5.41) if maximum length is not fixed. This latter hypothesis implies
= 0 as can be shown substituting (5.42) in (5.41). Moreover equation (5.43) that has
been derived fo#' = (5 can be shown to hold, with different constantsi = 1,2, 3
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and g, also forGG; and(Gs. As a consequence substituting these equations in (5.38)
the genera8 D Euler-Poisson equation solving the optimization problem (5.34) for an
arbitrary parameterizaticis found to be:

2 ds dC(¢)
k:dg_a- i +b (5.44)
wherea andb are constants that depend on the given boundary conditions. As follows
from the above discussiohjs either null if no length constraint is imposed, or eventu-
ally non null in order to satisfy a given lengflt. As torsion is not specified, equation
(5.44) by itself, projected on a plane and with given boundary configurations, uniquely
determines 2D curve, but not 8D one. In the2D situationz = constant with a
curvilinear parameterizatio = s equation (5.44) is reduced to the same equations
calculated in the plane starting from a Cartesian parameterization [98] [99], i.e.,

k*(s) =a-T(s) +3=acos(d — )+ (5.45)

being the vectoa = (a4, a»), « it's norm andp it's phase. Equation (5.45) had been al-
ready presented by Horn [98] in 1983 and then discussed by Kallay [99] and Bruckstein
et al.[97] in 1986 and 1990 within the computer graphics research community. Nev-
ertheless in these previous works the variational problem was solved for a one valued
real functiony : it — R and the so computed Euler equation was then ‘extended’ to
the case of D curvilinear parametrized curve:(s),y(s)). Indeed the2D result is

the same, but a priori this fact is not obvious as the set of real valued fungtions
among which the solution was initially computed is a subset of the larger s4D of
curves(z(§),y(£)). Moreover having approached and solved the minimization prob-
lem directly in the family oD curves, the most generab solution given by equation
(5.44) has been obtained [102] and a much deeper insight in the interpretationjof the
parameter has been presented.

5.2.3 Solution properties

With reference to equation (5.45) the following properties hold:

i) If no constraint is imposed on maximum length (i.8. = 0, see (5.41)) and
|6(s) — 6o| > 7 for somes equation (5.45) has no solution other than= 0, i.e. a
straight line of infinite length, a solution of the kind depicted in figure (5.14). More-
over when a finite non-constrained length solution exists=(0, butcos(d — ¢) > 0
on the whole path) it is never a finite radius circular arc (constant non null curvature)
as equation (5.45) shows that constant curvature would imply a constant unit tangent
vectorT(s), i.e. a straight line once again.

i) To completely determine the path from equation (5.45) the constants, and,
eventually, must be calculated on the basis of boundary conditions (5.35). As sug-
gested by M.Kallay [99], if the paths curvature is strictly different from zero over the
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whole length, this may be accomplished solving numerically the following nonlinear
system

" conto)
zyp= [ %(0) do
fo

%(0)

9f .
yy = [ 20 g9 (5.46)
)

Gfl
L :deQ
0o

beingk given by equation (5.45). If, on the contrary, the paths curvature is null for some
s as whenk changes sign, equations (5.46) are not defined and a different approach
must be adopted. The issue of computing the path for given boundary configurations
integrating equation (5.44) will be discussed in the following section for both constant
and non constant sign curvature paths. The initial configuration can always be thought
as(zg = 0,y = 0,00 = 0) as this is equivalent to choosing the reference frame. The
last equation of (5.46) is needed to calculaté the final length is assigned. Notice
once again that ifé(s) — 0| < 7 V s belonging to the path then the length needs not
to be penalizedq = 0) and the curvature can be computed for every point of the path
ask = ++/a- T being the sign fixed according to the curve direction. Following the
previous observation the parameter needs to be fixed to a non null positive value only
if the range of the values @fs) along the path is such that T can not stay positive
for everys. Nevertheless from an engineering point of view fixing the total length is
as unreasonable as dealing with infinitely long paths. The most natural approach is
to weight curvature and length through some parameter. Indeed within the developed
formulation (equations 5.40 through 5.42) it can be shown that if the cost function to
be minimized is changed from equation (5.34) viked L to fOL(k:2 + 1) ds with non
fixed L, beingu a positive constant that penalizes length, the Euler-Poisson equation
to be solved has exactly equation’s (5.45) structure with the fixpdrameter in place
of the unknowns, i.e. k%(s) = a- T(s) + p. This is not surprising ag (or 3) can
be thought of as a Lagrange multiplier that transforms/iF@nstrained minimization
of (5.34) problem, in the equivalert-unconstrained minimization OJf0L<k‘2 + p) ds
problem. Given this different and more appealing interpretation of the freely fixed
will be sufficient to solve the first two equations of (5.46) in order to calculasad
thus the optimal path.

i) If boundary conditions (5.35) are such thts) ~ 0 over the whole length of
the path than the tangent vectB(s) can be approximated B¥(s) = (1,0(s)) so that
equation (5.45) implies

do
%:@28<8)+ﬂ+@1

being% = k by definition of curvature. Integrating this equation with initial condition
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0(0) = 0 yieldsf(s) = 225> + s1/F + o OF

k(s) = %s + 3+ (5.47)

i.e., the curve is a clothoid or Cornu spiral. Cornu spirals are curves defineg;py-
k.s+ko and are used mostly in highway and railway design to link smoothly (up two sec-
ond derivative) two curves possibly of different curvature [100] as two circles of differ-
ent radius, straight lines and circles, two different straight lines, or similar. Special-case
clothoids are circlesk{ = 0, kg # 0) and straight linesk(. = kq = 0). In robotic appli-
cations they have been first analyzed by Kanayama et al.[103] and used for smoothing
trajectories by Fleury et al.[104], but apparently had never shown to be minimal en-
ergy wherd(s) ~ 0. The major limit in their use is due to the difficulty in calculating

k. andk, for given boundary configurations. Nevertheless in the hypottig¢sjs~ 0

(the only case of interest) clothoids can be approximated by a cubic polynomial with
the same degree of approximation usedIifs) = (1,6(s)). From equation (5.43)
when: = 2/ = 0 (2D) and¢ — z (Cartesian parameterization) and approximat-
ing (1 4+ y'%(z)) ~ 1V x (which is equivalent tdl'(s) = (1,6(s)) V s) follows that
y"?(2) = ay ¥ () + oy + B = y(x) = 3.0 _, an2™ i.e. acubic polynomial satisfying

the two boundary configurations.

5.2.4 Solution examples

The major difficulty in the implementation of the above repor2ddiresults is related

to the calculation of the parametegiven the final boundary configuration (as noticed
previously the initial configuration can always be taken tqté, 0) as this is equiv-
alent to choosing the reference frame). Equation (5.44) can not be trivially integrated,
thus a numerical algorithm is required. Two different cases may be distinguished:

e constant sign, non null curvature paths
e non constant sign curvature paths calledhapedpaths in the following

As far as the first case is concerned the parameters0O and of equation (5.45)
can be computed as

2
9f 8
argmin | | x5 — / o do (5.48)
ap 0o Ey/acos(d—p)+ 3

O sin 0 ’
+ — do
o /0 +y/acos(0 — ) + 3

being (z,y,,0;) the given final boundary configuration ad > 0 a constant that
needs to be non null only if for the givem, y,,0) no solution exists fop = 0, as
when|d,| > 7. The sign in front of the square roots is unambiguously fixed according
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5.15.0ptimab0° curve, obtained assumirid, 1, 7/2) as final configuration an@ = 0, and cubic spline
90° curve.

to the desired curve direction. The minimum problem given by equation (5.48) can be
solved by standard numerical methods as the simplex method. Examples of the paths
obtained with this approach are displayed in figures (5.15) and (5.17)a pheameter

of S-shaped paths can not be computed with the above suggest method as by definition
of S-shaped path the curvature takes a null value for some valokd.  As shown

by the example reported in figure (5.18), where= 0 for the sake of simplicity, once

that the curvature reaches a null valu® &volvesk has to change sign as not so doing
would imply a discontinuity in the derivative @&f with respect t@. Indeed once that

the curvatures sign is fixed at the starting configurati@r, 0), the apparent possible
ambiguity inks sign choice is completely solved by the above observation?*isach
thatk(0*) = 0 is reached the curvature changes sign. In order to conapfiatea given

final configuration and with reference to equations (5.6) consider the kinematics of an
ideal point following theS-shaped path with unit velocity

cosf (5.49)
= sinf (5.50)
0 = k=++/ajcos6+ aysind (5.51)

A possible algorithm to compute= (ay, as) is

a = argmin Jg
G1,a2
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Square curvature
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5.16.Square curvature for an optin8aP curve and a cubic spline path versus thgosition.
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5.17.Paths of constant curvature sign for final configuration, 7/4) and varius values qf, i.e. 3.
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5.18.From top to bottom&? = a - T andk as functions of in the hypothesis that is always positive
or that it changes sign &t beingé”such that(6") = 0.
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