Chapter 3
Dynamics

Within this chapter the dynamics of a robotic structure will be revised and extended to
a fluid environment. The Euler-Newton formulation will be adopted.

3.1 Rigid body Newton-Euler equations

With reference to figure (3.1) the Newton-Euler equations of motion of the rigid body
will be outlined. Reference: 0 > having origin ino is inertial, while reference: 1 >
having origin inu is fixed to the rigid body having center of mass in paintndicating
with p(r) the density of the body, with it's mass, withy it's volume, withr,, . = (c—u)
(Grassman’s notation, see Chapter 2) the positianvaith respect ta: and with'7" it's

kinetic energy the following hold by definition

m = /Vp(ru,p) av (3.1)

mr,, = /Vp(ru,p)ru,p av (3.2)
1

T £ 2 /V P(Top) Vo Vo dV (3.3)

beingp a generic point of the rigid body}l” an infinitesimal volume element equal to
d®(p —u)in (3.1) and (3.2) and td*(p — o) in (3.3). According to equation (2.17) the
velocity v/, of equation (3.3) can be written as

_ deo> _ doo> d<o> .
Vp/o - dt ( ) - dt (p C) + dt (C ) -
= Vpje+ Wejo NTep+ Vejo =
Vp/o = Vc/o + wc/o A Tep (34)

beingv,,. = %%Z(p— c) = 0 V p by definition of rigid body. Replacing equation (3.4)
in (3.3) Koenig's theorem is derived:

1 1
T = —/pr/o-Vp/odVZ—/ch/o'Vc/odV+
2 Jyv 2 Jv
1
5 [ty @A) av =
14

1 1
= —UCQ/O/pdv—l-—wc/o'/prcp/\<wc/o/\rcp)dvz>
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Rigid body Newton-Euler equations

3.1.Rigid body, refer to text

1 1
T = —mvf/o—l——wc/o-]cwc/o (3.5)

2 2

where the inertia matrix operatdy with respect to the center of mass has been intro-
duced. By definition of inertia operator and remembering equations (2.26), (2.27) and
(2.28) the inertia operator with respect an arbitrary point, ®, s

Lw = / Prup N (WAL, dV = (3.6)
v
= </V p Usxs(Tup - Tup) — Tupry )] dV> w =
I, = [L3x3(Tup - Tup) — Tupre ] dV. (3.7)
[ v P 43x3\Fup U,p u,pLy,p . .

The inertia tensor thus defined is symmetric and positive definite. With reference to
figure (3.1) notice that replacing,, = r., — r., in equation (3.7) thgarallel axis
theoremis immediately derived, i.e.,

1, = / p(Tup) [Laxs(Tep - Tep) — rc,prcT’p] av +
%

+/ p<ru,p) []3><3<rc,u ' rc,u) - rc,urzu] av +
v
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Rigid body Newton-Euler equations

— /Vp(ru,p) [I3x3(2Tcp Tow) — rc,prcT’u — rc,urCT’p] dV.

The firstintegral is just,, by definition, the second one is equaktd I53(r.., Tcu) —
rc,urgu] beingr,, . constant, and the third one is null as by definition of center of mass
the following holds:m r... £ [, p(r.,) 1., dV = 0. Thus for any point: the parallel
axis theorem states that

]u = ]c +m []3><3<rc,u ' rc,u) - rc,urzu] (38)

As the hydrodynamic forces applied on a body are usually derived with respect to the
local reference frame, the standard Newton equations of a rigid body will be now cal-
culated in reference: 1 >. With reference to equation (2.7) the absolute velocity of a
generic poinp of the rigid body in figure (3.1) is

d d d
<0><p_0): <0><U,—O)—|— <0><p_u>:

Volo dt dt dt
d
— VU/O—I— Z]I;(p—u)—l—wl/o/\ru,pé
Vp/o = Vu/o + wl/O A Tyu,p (39)

being4<i=(p — u) = %<2, , = 0 by definition of rigid body. Notice that all involved
vectors are free vectors although according to equation (2.7) the most "natural’ ref-
erence frame where to projeet,,, wi/ andr,, is the local referencec 1 >. The
absolute acceleration will be:

d<0> d<1>
Apfo = Tvp/o = va/o + wWi/0 A Vp/o =
d
— 2115> (VU/O + (AJ1/0 /\ ru,p) + wl/o /\ (VU/O —I— wl/O /\ ru’p) =
d 1 d 1

+wi/o A Vuso +wijo A (Wijo ATyyp)

This equation can be used to calculate the Newton force equation
d
2(;> / p(ru,p)vp/odv _ Z F;a:cternal
v i

for arigid body having a time invariant density, in the local reference. By direct calcu-
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Rigid body Newton-Euler equations

lation it follows that

d d
— Z F;a:cternal (311)

%

wherem is the total time-constant mass of the body, its center of mass position
relative to reference: 1 > as given by equation (3.2y,,, is the absolute velocity of
references< 1 > origin u, w1 its absolute angular velocity arld, F5***" is the

sum of all external forces applied on the body. Again notice that by construction the
most natural reference frame where to project all the free vectors in equation (3.11) is
< 1 >. In particular adopting the standard SNAME notation for marine systems the
following hold:

! (VU/0> = <u7 v, w)T

= (p.q.7)"
= (du/dt,dv/dt,dw/dt)"

0)
1 d<1> T
< wm) — (dp/dt,dq/dt, dr/dr)
U surge
Vo= sway
w heave
p = roll
q = pitch
r

= yaw

The Newton equation for the rotational dynamics is related to the absolute angular mo-
mentum balance. In particular callii, the force moment about pointby definition
the following holds:

extern a. d 0
SNz = [ (ray 0 B ol av

= [ P ot 4V (3.12)

Substituting equation (3.10) in (3.12):

/V<ru,p A ap/O)p<ru,p) dV =
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Fluid forces and moments on a rigid body

d
= / <I‘u’p A <2—11/L>Vu/o + Wi/ A Vu/o>> p<rU,p) dv +
14

d
+ / <ru,p A << <1>w1/0> A ru’p>> p(ryp) dV +
; dt

+ / (ru,p A (wl/o A (wl/O A ru’p)))p<ru’p) dV = Z NZS::fernal
v 7

where the integral in the second linerisr, . A (2=v,/, + w10 A Vay,), the one in

the third is/, (djlfwl/o)by equation (3.6), and the on in the fourth can be shown to be
w10 1,w1/0 by some vector manipulations based on the properties shown in paragraph
2.1.3. The second Newton equation for a rigid body can be thus expressed in the local

reference frame having origin i, as

d d
I, < <1l> w1/0> + wijo A Lywipo+mrye A <<—1>Vu/o + w10 A Vu/0>

dt dt
_ Z st’zzfernal (313)
Equations (3.11) and (3.13) can be written in matrix (space notation) form as:
d
M 271; v+ Clwy) v =1 (3.14)
V= (Vayorwip) € R (3.15)

beingr the generalized velocityy/ € %°<¢ the inertia operatot,'(w) € %¢*¢ the Cori-

olis and centripetal operator amd™ = >~ (F]' N7 )T el ¢ @01 the generalized
torque applied to the body. By direct calculation it can be shown that the inertia and
Coriolis-centripetal operators are given by

ot (o ) o
2 m S(w o) —m S(wi/0) S(Tu,)
C<w1/0) o < m S(I’uyc)‘.‘JS/(wl/()) —S?J]:wl/o) > (317)

being S the skew symmetric vector product operator defined by equation (2.24). It
can be shown [32] that while the parametrization of the positive definite rigid body
inertia matrix given in equation (3.16) is unique, the Coriolis-centripetal matrix can be
parametrized in a non-unigue skew symmetric form. The one given in equation (3.17)
has the advantage of depending only.an,, but as shown in [32] other skew symmetric
parametrizations depending on = (vf/o,wlT/O)T are possible. To characterize the

dynamics of a rigid body in a fluid environment the right hand std€ of equation
(3.14) has to be calculated explicitly.
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Fluid forces and moments on a rigid body

3.2 Fluid forces and moments on a rigid body

When a body moves in a fluid environment it experiences external forces due to the
interaction between itself and the fluid. As can be imagined even intuitively, all these
forces are somehow proportional to the fluids density and to the relative speed and ac-
celeration between the body and the fluid. When a body moves in atmospheric air at
low speeds, as for the majority of the robotic applications, these forces are negligeable.
Onthe contrary in underwater applications, due to the high density of water, these forces
are never negligeable even at the lowest speeds. The calculation of hydrodynamic gen-
eralized forces on a rigid body is a classical and well known topic in fluid dynamics
theory that will thus be here only revised in view of the robotic applications of interest.
For a more detailed discussion refer to [34] [35] [36].

3.2.1 The Navier Stokes equation

The Navier Stokes equation is the equation of motion of an infinitesimal volume of
newtonian, incompressible and time-constant density fluid. To derive this equation the
following notation will be usedp will denote the fluid density (dimension& g/m?)),

F the force per unit volume (dimensiofd/m?]), T;; the stress tensor (dimensions
[N/m?]), p the pressure (dimensiof®/m?]), V' a volume element (dimensiohs?])

of surfaceS (dimensiongm?]) having unit normal vectat = (n, ny,n3)” (dimensions

[m]), u = (u1,us,u3)” the fluids local velocity (dimensionsn/s]) with respect to an
inertial frame. A preliminary result for the derivation of the Navier Stokes equation and
other important fluid dynamic properties 5 tﬂn&nsporttheoremGiven adifferentiable
function f(x, ), the quantity/ (t) = [ [ [, f(x,t)dV whereV(t) is a time evolving

volume of surfaceS( ) has time derivative

///V(t) =/ (x.1) dV+/ S(t)fxt)U ds (3.18)

being U,, the normal velocity ofS. An important special case of equation (3.18) is
related to the situation where the voluvi¢t) and the surface&(¢) are relative to the

same fluid particles. In such situatiéh, = u’n = u;n; (Where repeated indexes are

to be interpreted as summed) and by applying the Gauss theorem to the second integral
on the right hand side of (3.18) the following holds

%// V(t)ﬂx’t) dV:///V(t) <%f(x,t)+v-f(x,t)u> dv  (3.19)

beingV £ (8/0x,,0/0z,,0/0x3) the gradient operator. Substituting the fluid den-
sity p to the functionf for a generic volume element in equation (3.19) the principle of
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Fluid forces and moments on a rigid body
mass conservation implie [ [, (52(x.t) + V- p(x,t)u) dV = 0 and thus

0
o (x,t)+ V- px,t)u=0 (3.20)

for the arbitrary ofl’. If the fluid is assumed incompressible and of constant density in

time it follows b

Ep Xut) =0 . — . =

Vp(x.t) = 0 =V-.u agjju] 0 (3.21)
Equation (3.19) can be applied to the momenpanconservation of a generic volume
V of fluid yielding

%///V(t) pusdl = ///V(t) <%(pui)+8i%(puiuj)> dv =
B / / /V(t) <3%jnj - F> v

As the choice ol/ is arbitrary this last equation implies

0 0 0
8t<pu)+8$J<puu3) 8ijJ+
whichin the hypothesis stated in (3.21) implies the Euler's equation of an incompressible
time-constant density fluid

0 0 170
atuZ + u; 8%-”1 =3 <3%-TZ] + Fl> (3.22)
To finally derive the Navier Stokes equation some further hypothesis on the stress tensor
7 must be made. The balance of moments acting on a free element of Murdplies

its symmetry, i.e.7;; = 7, V ij. Moreover it can be shown [34] that the most general
form of stress tensor of an isotropic fluid satisfying (3.21) and whose volume element
dV does not undergo deformation when moving as a rigid body, i.e. with a velocity
v + w A r beingv andw constant, is

beings;; the Kronecker delta symbaqi the pressure angdtheviscous shear coefficient
(dimensiong K g/ms]). Equation (3.23) definesrewtonianfluid; notice that the vast
majority of fluids, including air and water, indeed exhibit a newtonian behaviour. Re-
placing equation (3.23) in (3.22) and using property (3.21) the Navier Stokes equation
is derived

1 1
gu—{— (u-Viu=--Vp+vViu+-F (3.24)
ot p p

being v the kinematic viscosity = 1/p (dimensiongm?/s]). Equations (3.21) and
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Fluid forces and moments on a rigid body

(3.24) with suitable boundary conditions totally describe the flow of a newtonian in-
compressible time-constant density fluid, but are of relevant practical use only in those
very special cases where the geometry and boundary conditions of the problem allow to
find an analytical solution, e.@.D flows past two parallel wallsGouette flow or flow

in a cylindrical pipe Poiseuille flow). Fortunately it can be shown theoretically and
experimentally that the viscous effects in a fluid flow are relevant only in a very lim-
ited fluid volume next to the separating surface with a rigid badin(boundary layer
theory) and that they decay very rapidly in the bulk of a fluid. As a consequence the
standard approach to estimate fluid forces on a rigid body consists in calculating all in-
ertial pressure effects as if the fluid was inviscid, ie= 0, and then to add the viscous
effects estimated by the thin boundary layer theory or experimentally.

3.2.2 Viscous effects

To get a qualitative understanding of viscous effects in a fluid flow it may be useful
to calculate the order of magnitude of the ratio between inertial and viscous forces in a
general fluid dynamic problem. Assuming that the problem is characterized by velocity
U, lengthi, viscous shear coefficient, gravitational acceleration = 9.81 m/s?, and

fluid densityp, consider the ratios [34]

Inertial force pU?1?
Pz s = = U?/gl 3.25
Gravitational force pgl? /9 ( )
Inertial 22
p o Inertia force _pUln UL/ = ULy (3.26)

Viscous force pUl

being the first the square root of tReoude Numbemand the second tHeeynolds Num-

ber of the specific problem. As both fresh and salt water have a kinematic viscosity
v ranging form0.8 - 107% m?/s to 1.8 - 10~% m? /s for temperatures between and

30° degrees Celsius, it follows that the Reynolds number for typical underwater robotic
systems oflm length-scale andlm /s velocity-scale isk? € [0.6,1.2] - 106. This value
actually suggests that in the bulk of the fluid viscous effects may be neglected with re-
spect to the inertial ones. Notice that the different scaling properties of the Reynolds
Number and the Froude Number with respect to variables of intérgsandy are at

the basis of the difficulty in simulating the behaviour of large marine systems by scaled
models. Roughly speaking viscous forces on a rigid body can be thoughtdoags
forces and liftforces The former are parallel to the relative velocity of the body with
respect to the fluid and the latter are normal to it.

3.2.2.1 Viscous drag forces

By dimensional analysis it can be argued [34] that the drag fbjeg experienced by
a sphere of diametermoving in a fluid of density with velocity U can be written as
Firag = 3pU2S Cy4(R) beingS = wd?/4 the frontal area of the sphere a6if(R) the
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Reynolds dependent drag coefficient. Experimental data reported in [34] relative to a
wide range of different sphere diametérand different fluids shows the validity of that
equation. Moreover the plot @f,; versusk shows a sharp discontinuity at abait=

3 - 10° relative to the transition between the so call@ahinar andturbulent regimes.

For more general slender body geometries it is assumed that the drag coefficoamt

be thought of as the sum offactional termC; and apressureor form termC,, i.e.

Cq = Cf + C,. The frictional term is due to the shear drag experienced by the surface
of the body travelling parallel to the relative velocity while the pressure term is due

to the frontal surface of the body normal@o The frictional drag coefficient’; on a
slender body is usually modeled as equal to the one experienced by a flat plate of equal
surface and Reynolds number. As a matter of fact the frictional drag on a flat plate in
steady state laminar regime can be evaluated by means of the boundary layer theory
yielding Blasius resulC’; = 1.328 R~'/2 which is experimentally shown to hold for

R < 3-10°. In the turbulent regime, i.eR > 3-10° , the semiempirical equation

of Schoenherf.242/,/C; = logio(RCy) holds. It is worthwhile noticing that even
within this somehow ’ideal’ framework of steady state flat plates there is a quite large
domain of Reynold numbers, i.e2 € [10° 2 - 10%], in which the experimental data
points reported in [34] are very scattered indicating that in that rande reéither of

the two models can be thought to be totally reliable. Notice that unfortunately many
underwater robotic systems operate in that range of the Reynolds Nutnbks far

as the pressure drag coefficigfit is concerned, there is no general result of practical
interest. It is usually assumed to be roughly independent fitoamd it's value has to

be determined experimentally for the particular body of interest.

Indeed the classical results outlined above are of little practical interest for underwa-
ter robotic applications. The experimental identification of the drag coefficients appears
to be mandatory as even assuming to work with Reynold numbers far from the lami-
nar/turbulent transition zone, which is highly unrealistic in the most common situations,
the great majority of underwater robotic systems can not be modeled as slender bodies
operating in steady state conditions.

3.2.2.2 Lift forces

Lift forces are another consequence of viscosity. Generally speaking there are two kind
of lift forces: hydrofoil andvortex sheddindift forces. A hydrofoil is a streamlined

thin body that behaves as a lifting surfaces, i.e., that experience a force normal to its
surface in a wing-like fashion. The lift forck; ;, applied to a hydrofoil of are& in a

fluid of densityp moving with steady state relative velocitycan be modeled ds; ;, =

%pUQS Ci(R, o) beinga the angle of attack, i.e., the angle betw@eand the tangent

to the surfaces. As a rule of thumb the hydrofoil lift coefficien®; can be thought to

be proportional tex for small values of«/|, e.g.|a| < 10 deg, and sharply decaying to
zero otherwise as for large values of the angle of attack stall occurs. The phenomenon of
hydrofoil lift is of fundamental importance in a wide range of fluid dynamic applications
as propellers, sails, wings, rudders and all kind of control surfaces. Nevertheless in all
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those situations where sharp surfaces are absent or the typical operating velocities are
small, as for the majority of open frame bluff body ROVs or underwater manipulators,
they can be reasonably neglected.

/@D@\
To qualitatively understand the phenomenon of vortex shedding consider a circu-
lar cylinder at rest in a still fluid. If the cylinder is suddenly accelerated to a constant
regime speed normal to its axis separation of the flow will occur downstream. If up-
stream the flow may still be laminar, two initially symmetric vortices will start to grown
in the downstream wake. These vortices can be shown to be unstable and in the final
regime state of the cylinder they will be antisymmetric. The net result of the vortices
instability is a periodic force normal to the cylinder axis and to its speed. This phenom-
enon is very important in many underwater systems: it is responsible for the strumming
oscillations of cables and it may cause oscillations in many different kinds of under-
water structures. As far as underwater robotic vehicles are concerned vortex shedding
is usually neglected for slow motion open frame or bluff body vehicles. In principle
fast slender body vehicles as many AUVs could be subject to vortex shedding peri-
odic lift forces, but in practice it is not too difficult to employ small control surfaces in
the downstream wake that limit the vortices correlation thus greatly reducing the over-

all vortex shedding lift effect. As far as underwater manipulators are concerned their
cylindrical-like links could be reasonably subject to this phenomenon.

3.2.3 Added mass effects

The viscous effects described in paragraph (3.2.2) are not the only cause of forces ap-
plied to a rigid body moving in a fluid environment: indeed when a rigid body moves

in an otherwise unbounded fluid it is expected to experience inertial forces related to
the kinetic energy that the body itself induces on the whole bulk of fluid. These inertial
forces have little to do with the viscosity properties of the fluid and for standard hy-
drodynamic Reynolds numberB > 10%) they are described within the theory of ideal
fluid.

3.2.3.1 Onthe properties of ideal fluids
A first important property of inviscid fluids is Lord Kelvin's theorem stating the "con-
stancy of circulation in a circuit moving with the fluid in an inviscid fluid in which the

density is either constant or is a function of the pressure’ ( [35] pag. 84). Circulation
I" on a closed circuit moving with the same fluid particles is definedlas $, uldx
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beingu the fluids velocity. The time derivative @fis

d. d [ . [d ., d
dtr_dt Cu dx-j{(dtu )dx—l—j{u <dtdx) (3.27)

where the last integral is equfilu” du which is zero. To evaluate the terfi( £ u”)dx
notice that the left hand side of the Navier Stokes equation (3.24) is ex—aéutTy.
Neglecting viscosity, i.ev = 0, and assuming that the only external force applied to
the fluid is the conservative gravitational force, the right hand side of equation (3.24)
can be written aS%V(p—I—pgh) beingg = 9.81m/s? the gravitational acceleration and

h the vertical Cartesian coordinate. Applying Stokes’ theorem to equation (3.27) and

replacingZu’ = —%V(p + pgh), the following holds:

if—jl{(iuT)dx—/ V/\iu TndS——/V/\ lV( + pgh) | -ndS
dt” ). dt /s dt I = pppg

being S any surface bounded by the closed cuevédn the standard hypothesis of in-
compressible fluid (equation (3.21)) the last integral is equal to zero proving Kelvin's
theorem%l“ = 0. From a physical point of view Kelvin's theorem just states that in
absence of shear dissipative stress and under the action of only conservative forces a
circulation state of the fluid is a steady state. Assuming that the initial state of the cir-
culation isI" = 0 Kelvin's theorem implies that it remains null in time and by applying
Stokes’ theorem again

jl{quX:/(V/\ u)’ ndS=0Vt (3.28)
c S

beingS any surface bounded ky From the arbitrary of it follows that the integrand
of the last integral must be identically null in time, thus showing that an inviscid incom-
pressible fluid with no initial circulation igrotational, i.e. VA u = 0. Notice that
equation (3.28) states that the velocity fi@lds conservative and can thus be written as
the gradient of a scalar potentiali.e. the velocity field of an inviscid incompressible
fluid having initial circulation equal to zero can always be writtemas V¢. More-
over notice that as in the same hypothesis equation (3.21) holds, thesoalst be a
solution of Laplace equatio%?¢ = 0, i.e. aharmonicfunction.

The Navier Stokes equation (3.24) for an inviscid fluid=€ 0) subject to the only
gravitational force can now be written in terms of the velocity potentiab yield
Bernoulli's equation:

0 1
5 Vot (Vo V)Vo = —;Wp + pgh) =

o, 1 1
V(g +35Ve-Ve) = —;V(erpgh)i
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o 1 1
a3V Ve Cl) = —Z(p+ogh) (3.29)

beingC(t) constant with respect to the position, but possibly function of tiGig) is
related to the additive constant of the velocity potentiahd can be always chosen to be
zero. The two terms on the right hand side of equation (3.29) are sometimes referred to
as thedynamic pressurg andhydrostatic pressurggh. The Bernoulli equation (3.29),

as the Navier Stokes equation (3.24) for a viscid fluid, are general equations of motion
that can describe a specific physical problem only if solved with the suitable boundary
conditions. As a matter of fact all the information regarding the geometry of the problem
is embedded in the boundary conditions. For a rigid body in a fluid environment the
correct kinematic boundary condition to impose is that the fluid does not flow through
the separating (moving) surface between itself and the body. With reference to figure

3.2.Rigid body underwater

(3.2), assuminap to be the unit vector normal to the separating surface pointing outside
the fluid, i.e. inside the body, ang,,, the velocity of a poinp on the separating surface
defined as in equation (3.9), the above stated kinematic condition is satisfied if and
only if the fluid velocity V¢ and the surface velocity,,,, in every pointp have equal
projection alongn, i.e.

9
on
As it can be shown [34] that two different harmonic functignse, satisfying condition

O = Vg/ol’l = (Vujo + w10 A r.,) ' n (3.30)
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(3.30) may differ only by a constant, equation (3.30) is actually just the right amount
of "extra’ information needed to solve the Bernoulli equation (3.29). In a real viscous
fluid, equation (3.30) should hold not for poini®n the separating surface of the rigid
body, but for the points laying on the external face of the boundary layer within the fluid.
Due to the negligeable thickness of the fluid boundary layer with respect to the rigid
body for the great majority of robotic applications, it is reasonable to assume equation
(3.30) to hold on the separating surface.

3.2.3.2 Dynamic pressure forces and moments on a rigid body

Within the above developed theory of ideal or inviscid fluid the total fdrgg and
momentN,, experienced by a rigid body in a fluid media due to the only dynamic
pressure can be written as

Foy = /pn ds = —p/ <%¢+ %w-w) nds (3.31)
S S

Ny = [ pleanmds=—p [ <%¢ F3Vo- w) (k. A m) dS (3.32)

being ¢ a harmonic function subject to boundary conditions (3.30)he separating
surfacen a unit normal vector and,, a position vector as shown in figure (3.2). To
explicitly solve equation (3.31) and (3.32) one more simplifying hypothesis is needed:
the unboundedness of the fluid. As shown by Newman in [34] if the fluid is assumed to
be unbounded except for the rigid body itself, equations (3.31) and (3.32) with boundary
condition (3.30) can be solved analytically. To match the boundary condition (3.30) the
total scalar velocity potential can be written in terms of a new vectgrc <! and

the generalized velocity (defined by equation (3.15)) as

d=v"v (3.33)

The analytical solution of equations (3.31) and (3.32) as reported by Newman [34] yields
for each component=1,2,3

6 d 3
<1>
Fap, = —E mjiTVi‘l' E EikViWE My (3.34)
i=1 L k=1
6 T 3 3
Nygp, = det> 3.35
dp; = mMjy3q m v+ ErViWEMg 3,4 + £ mVivmy; |(3.35)
i=1 | k=1 k=1

beingy the generalized velocity defined in equation (3. 15)he angular velocitw; s,
e, the Levi-Civita densitydefined such that th¢" component of the vector product
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between to given vectoesandb is (a A b); = Zz,z:1 €irakby, 1.€.

1,2,3
Eikl = 1|fjl{7l: 2,3,1
3,1,2
1,3,2
Eikl = —1|fjl{7l: 2,1,3
3,2,1
g = 0 otherwise

andm;; the components of thedded mass tensatefined as

0
my 2 p [ gy dS (3.36)

beingy, the components of thg vector introduced in (3.33). Each component/dfias
to be harmonic (i.e Yy, = 0) in the bulk of the fluid and has to satisfy the kinematic
conditions

M _ n¥Vi=1,23 (3.37)
on

o, .

8_n = (ru,p A n)i*?} Vi= 4, 5, 6 (338)

on the separating surface As a consequence each added mass compangigfiven
by equations (3.36) depends only on the shape of the boundary s$ri@ce on the
constant (by hypothesis (3.21)) fluid densjty Equations (3.34) and (3.35) can be
expressed in a more compact form writing the added mass tensor as

(3.39)

being eachV/;; a3 x 3 matrix. With such notation equations (3.34) and (3.35) can be
written as

d

de = —<M11 M12) 2;>l/ — w1/0 A [(Mll M12) I/] (340)
d

Ndp = —<M21 MQQ) 211/?1/ — (.01/0 A [(MQl MQQ) I/] (341)

—Vujo A [(Mi1 Mag) V]

or in spatial notatiorr 4, £ (F |

Ng)"

d<1>

dit

Tap = —My v—Cy(v)v (3.42)
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being

a | S{wijp) 0 My My
CA(V) - S<Vu//o) S(wl/o) ] le Moo ] (3'43)

Notice that from equations (3.40) and (3.41) follows that a rigid body subject to a con-
stant linear velocity, i.ev,,, = const. andw, , = 0, in an infinite inviscid fluid does

not experience any dynamic pressure force (although it may experience a non zero mo-
ment due to the term,;, A [(M11 Mi2) v] in (3.41)); this fact is often referred to as
theD’Alembert paradoxin the fluid dynamic literature. Applying Green’s theorem to

the added mass components definition (3.36) it can be shown [34] that the added mass
tensor/4 of a rigid body in an ideal infinite fluid is symmetrical, i.en;; = m;;.
Moreover starting from the energy conservation principle it can be shown [35] [34] that
M 4 is related to the fluid kinetic energy by the quadratic form equation

1
Tfluid = §VT Myv

beingr the generalized rigid body velocity defined in equation (3.15). This property
shows thatl/ is positive definite.

The practical limit of the above formulation describing the dynamic pressure on a
whatsoever rigid body is related to the calculation of the added mass coeffigignts
These have been evaluated analytically (see for example [37]) only for very special
geometries like spheroids or ellipsoids that are of very limited interest in real applica-
tions. To model real underwater systéiy, should be estimated experimentally. More-
over the above formulation has been derived with a number of ideal hypothesis that are
here summarized:

(1) the body in the fluid is rigid

(2) the fluid is incompressible (equation (3.21))

(3) the fluid is ideal, i.e. inviscid, which implies Lord Kelvin's theorem and the irrota-
tional nature of the fluid as derived in equation (3.28)

(4) the fluid is unbounded except for the rigid body itself

If the first two hypothesis are reasonably satisfied in most applications, the last two
of them require some comments. The assumption of inviscid fluid for the derivation of
the dynamic pressure forces is justified by the large value of the Reynolds number in
the great majority of underwater robotic applications; of course viscous effects as drag
and lift have to be taken into account by independent terms in the equation of motion
of the system. As far as the last hypothesis is concerned an illustrative example of what
happens to a sphere moving in the presence of an infinite fixed rigid wall is reported
from [35]: if x andy are two Cartesian axes respectively normal and parallel to the
wall (refer to figure (3.3)), a sphere of radiushas a kinetic energy given to a first
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approximation byl = %(Au2 + Bv?), beingu = & andv = g the surge and sway
velocities,A = m + sm (1 + 2(£)?), B = m + 3m,(1 + &(£)?), m the mass of the
sphere andr ; the mass of the displaced fluid. By applying Lagrange equations to the

wall

L,

X

3.3.Sphere inpresence of a wall

given kinetic energy the forces along thandy axes follow

9 r3 9 9
Fm = 6—4mfy(—2u —I—U)
9 r3
Fy = —S—meyuv

from which it is seen that the dynamic pressure force tends to repel the sphere if this
moves at constant speed towards or away from the waH (, « # 0) and attracts it if
the sphere tends to move parallel to the walH 0, v # 0).

3.2.4 Current effects

Within the above described theory nothing have been said about eventual fluid currents.
From the definition (3.33) and from the equations (3.37) and (3.38) it should be noticed
that if the fluid is subject to a uniform motiowny..4/,(¢), the rigid body generalized
velocityy = (vf/o, wlT/O)T appearing in equation (3.42) must be replaced by the relative
velocity ((Vu/o — Vfiuido)” wlT/O)T. As a matter of fact such a uniform current would
also induce a buoyancy-like force, sometimes cdlledzontal-buoyancyproportional

to the product of the displaced fluid ; times the fluid acceleratioi@%zvﬂmd/o. These

forces are usually taken into account when underwater robotic systems are simulated
[14][38] [23] [39] but are usually neglected in control and identification schemes asitis
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very difficult to measurer,,;4/, and its time derivative. If the current is not uniform, as

in presence of waves, the situation is even more complex as also the gradient of the fluid
velocity is expected to produce a pressure force on the body. This latter phenomenon,
which is fundamental in the modeling of surface systems, is generally neglected in deep
water, but should be taken somehow into account in shallow water [40] [41] [42] [43].

3.2.5 Weight and buoyancy

Weight and buoyancy generalized force may be modeled as

| . —m I3y3 my I35 1ko
< wa > = 9 l —1m S<ru,c) mf S<ru,B) 1 < lko > (344)

Being m; the displayed liquid volumer: the rigid body massg = 9.81 m/s? the
gravitational acceleratior,, 5 the center of buoyancy local position vectey,. the
center of mass local position vector ald, the projection of ther-axis inertial unit
vector on the local reference 1 >.

3.3 Underwater Remotely Operated \ehicles Model

The rigid body dynamic equations described in the previous sections can be viewed as
the building blocks for more complex robotic system models as the ones of underwater
vehicles or manipulators. In particular the dynamic models of a bluff body UUV will
be derived. Generally bluff body UUVs are designed for low speed operations and are
not equipped with lifting or control surfaces so their dynamic models do not take into
account lift forces. The added mass and viscous drag effects are modeled on the basis of
the rigid body theory described in the previous sections. Although drag is a distributed
force on the surface of the vehicle for the sake of simplicity itis usually modeled within a
lumped parameter formulation. The standard approach to drag modeling consists in the
sum of a linear and quadratic term in the relative generalized six dimensional velocity
v,ie.,

Fdrag =-—-Dyv— DV\V\V’V’ (345)
being the matrixe$),, and D, |, positive definite. A further and very common simpli-
fication [32] consists in assuming, and D, diagonal thus neglecting the viscous
drag coupling. The most common notation for the drag coefficients is

Du = diag(‘)(u;%;ZqupuMq;Nr) (346)
Du\u\ = dia9<Xu\u\ ) }/v\v\ ) Zw\w\; Kp\p\u Mq\q\ ) Nr\r\) (347)

To obtain the complete model of a UUV thruster and cable dynamics are to be consid-
ered. The cable dynamics is sometimes modeled in simulation studies, but even being
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potentially a major source of drag or external applied force on an R@\Wsually ne-
glected in the design of ROV control systems. Indeed as for underwater currents, also
cable forces are usually assumed to be disturbances of a nominal model that neglects
them explicitly. From a practical point of view this can be an acceptable working hy-
pothesis when the vehicle operates in a limited area, the cable is neutrally buoyant and
is not in tension. If these conditions are not satisfied the cable forces applied on an
ROV may be large and should be taken into account by an explicit term in the dynamic
equation. As all the experimental data presented in this work has been collected match-
ing the above stated working hypothesis regarding the cable, in the sequel its dynamics
will not be taken explicitly into consideration but assumed to be a disturbance of the
nominal model.

3.3.1 Thruster dynamics

As far as thruster dynamics is concerned a steady state equation can be obtained by
dimensional analysis [34] yielding

T
pn2d*

= K(J) (3.48)

being.J the advance ratio,

U constant thruster velocity
J = —1 " number of revolutions per second
" | d propeller diameter

T the thrust angy the water density. In the great majority of the applicatidnsn
equation (3.48) is assumed to be constant and the square depend&mre:08 written
asn|n| to take into account the sign of the thrust. Moreover in real application saturation
occurs, thus the usual thrust model is assumed to be [32]

T =anln| —bnuy, (3.49)

beingv, the velocity of advance of the water through the propeller blades. The satura-
tion term may be very important at high speeds, but is usually neglected in standard low
speed operating conditions of ROVs. A dynamic thruster model taking into account the
motor dynamics has been proposed by Yoerger et al. [44] and consists of the following
equations:

d
d—? = [B1—an|n|
T = Cynln|

beinga and 3 constants, and the input torque. Although the topic of thruster dy-
namic modeling and control has received a quite large attention in the past years [45]
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[46] a simple steady state model Bs= a n|n| in which the propeller revolution rate

is assumed to be linear in the applied DC motor voltage, thus neglecting the motor dy-
namics, is actually a very good approximation in all those applications in whétdes

not suddenly change sign. In the sequel the thruster applied force will be modeled as

T=cV|V| (3.50)

beingV the applied DC motor voltage ard constant to be experimentally identified.
A difficulty related with this approach is that, as the identification of ¢fmnstant in
equation (3.50) is generally performed putting the single thruster in a cavitation tunnel
and measuring the thrust as a function of the applied voltage, the propeller hull inter-
actions are neglected. Indeed due to possible propeller hull interactions the operating
conditions of the thruster in the cavitation tunnel may differ from the real ones espe-
cially, but not only, when open frame vehicles are considered. It will be shown in the
next chapter by experimental data relative to the ROMEO open frame ROV that the
propeller hull interaction may be significant and must be taken into account. Another
kind of potentially important hydrodynamic "interference’” phenomenon regarding the
thrusters dynamics momentum dragThis phenomenon occurs when a thruster moves

I

|V

- >

3.4.Momentum drag
normally to its axis. With reference to figure (3.4) notice that in order to produce a flow

parallel to the propeller axis, the fluid must be first accelerated to the same axis normal
velocity V. This produces a drag force in the direction normal to the propeller axis that
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may be modeled as

F,.. = —anV (3.51)
beingn the propeller revolution ratéd/ the axis normal velocity and a constant para-
meter. Momentum drag may be importantin ROV systems as most of them are equipped
with both horizontal and vertical thrusters that allow full translational contradlirand
that frequently operate together. Nevertheless to the knowledge of the author the litera-
ture relative to the modeling of such phenomenon in ROVs is limited to the only work
of K. R. Goheen [38] and papers there cited.

3.3.2 Overall ROV Model

The complete model of an open frame UUV can be written as

(M + MA)dfhl; v+ [Clwrjo) + Calw)v + (3.52)

+Dyv+ Dypvlv| —gW k=14 +6
being all the terms defined as follows:

Mél m I3z —m S(ry.)

m S(ry.) I, ] as in equation (3.16)

N m S(w10) —m S(w1/0) S(Tu,) : ,
C(wi)0) = [ m S(ru.) S(wi o) S (L o) as in equation (3.17)
My M : .
My & | 2 tion (3.39
A l Myr Moy as in equation ( )

S(wi/0) 0 ] [Mn My

as in equation (3.43
My Mm] quation (3.43)

D, = diag(Xy,Ys, Zu, K, My, N,) as in equation (3.46)
D,,‘,,‘ £ diag<Xu\u\7}/v\v\7 Zw‘w‘, Kp‘p‘, Mq‘q‘,NT‘T‘) asin equation (347)

—m Isx3 my Isx3

A
W= —m S(ry.) my S(ryp)

as in equation (3.44)
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