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Knowledge of iso-contours of the underwater terrain can
be used to reconstruct it using interpolation. Identifying a
set of isoclines can be more efficient and less time-inten-
sive than sweeping a large area. In this paper, we propose
a system where a small number of agile underwater vehi-
cles cooperatively maintain a polygonal formation on a
plane above the terrain and use field values measured by
the individual robots to locally reconstruct the field using
interpolation schemes. The formation then tracks a de-
sired iso-contour of the field by tracking the correspond-
ing curve on the reconstructed field.

1. Introduction

Traditionally, to create a bathymetric map of the underwa-
ter terrain employing AUV’s, a single bulky vehicle (mov-
ing at a certain depth) is towed to follow a path composed
of a set of parallel transects (covering a large area) and
record altitude values. The recorded information is then
used to approximate the field in that region (see, e.g., [3]).
An alternative approach is that the vehicle autonomously
guide itself along lines of constant altitude. A set of these
recorded iso-contours can then be used to reconstruct the
field using Hermite interpolation [14]. An obvious benefit
of such an approach is that only regions with high variabil-
ity need to be covered. Given the local gradient and Hes-
sian, this is an easy task to do. One only needs to climb the
gradient path and follow the direction orthogonal to field
gradient once at the desired isocline. In reality, though,
these information are not readily available (have to be esti-
mated) and are sometimes even meaningless. In [5], a sin-
gle vehicle uses a history of past field values. In [6], UUV-
gas theory is used where we only need to determine wheth-
er we are inside or outside the region surrounded by the
iso-contour. A similar approach is described in [7]. In [4],
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figure 1: Serafina underwater vehicle.

the trajectory of a vehicle is modeled as a damped sinosoid
whose parameters are adjusted to stabilize the vehicle on
the contour. Rather than using a single vehicle, we can em-
ploy a formation of communicating vehicles. This way, lo-
cal characteristics of the field can be computed more easi-
ly [9]. In [8], a four-vehicle system is described which
estimates the gradient and the curvature to track a contour
and adjust its size to minimize estimation error.

In this paper, we propose a polygonal formation and inter-
polation for local reconstruction based on only static in-
stantaneous measurements of the field at the positions of
the robots. The interesting aspect of this method is that the
representation of the desired isocline in the reconstructed
field can be used to convert the problem of tracking tan-
gent to the true isocline to that of tracking a well-defined
path. This is because, at each particular time instant, a re-
constructed picture of the field is made available which
contains a smooth curve representing the isoclne. Accord-
ingly, robust methods for tracking such curves can be em-
ployed.

As models for our physical platforms, we use Serafina [2],
a small fast five thruster vehicle equipped with a suite of
sensors (figure 1). Ongoing research is aiming at low-
bandwidth short-range long-wave radio communication
[12], optical communication [10], scheduling strategies
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[11], and acoustic range and bearing measurement [ 13]. In
this paper, we will not be concerned with these issues. Fur-
thermore, we will consider a very simple motion model for
the vehicles, i.e., that of a non-holonomic unicycle moving
on the plane:

) cosO(¢z) 0  0Of|v(?)
y(1) = 0  sinB(¢) 0| | v(¢) (1)
0 0 1]

where y(¢) = [x(¢), y(¢), 0(¢)]" is the state of the robot,
and v(¢) and w(¢) are, respectively, desired linear and an-
gular velocity inputs of the yaw-surge controller. Addi-
tionally, a heave controller keeps the vehicle at the desired
depth and the roll and pitch controllers maintain these an-
gles at zero. We also assume that the ambient flow is neg-
ligible or is counteracted by the controller.

2. Initializing and maintaining polygonal
formations

In this section, we explain how a polygonal formation of
co-planar vehicles can be created and maintained. Given a
desired radius rp , a deformation of the corresponding reg-
ular polygonal formation P, composed of N vehicles R;,
i=0,...,N—1, with planar positions, denoted by
q.(t) = (x;(1),y(¢))T e K2, and collective state
qe(?) = [qo(?t), ..., qu_1(?)]" , can be defined by the for-
mation function [15]

Go(@p()) = (X(1) = reln) (x(1) = rply) + 2)

(S(z) ——1N) (9(0 —1N)

where
x(1) = q(0)—q(t) . x(1) = |x (1), 3)
(1) = [Xo(0), oo Xy (D], )
)
9(6) = [90(0), .os By 1 (D] ©)

q(7) is the centre of mass and 1y is a vector of size N
with all the entries equal to 1. The operations on the in-
dexes are modulus N, so that qy = q,. Any root of
Gp(q(t)) = 0 gives a polygonal formation which is
unique up to translation and rotation. More technically,

G, '(0)/(SO(2) ® RY) (7)

is a singleton. The position of the centre of mass q(7)
breaks the translational (912 ) symmetry and the angle

_ Yo(t) — (1)
0o(?) = atan(m))

(which can be defined as the orientation of the formation)
breaks the rotational (SO(2) ) symmetry. In the following,
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figure 2: (a) Cyclic pursuit for creating regular polygons. (b)
Maintaining the polygon.

we use the notation n(¥) = ¥/ . Letting B,(u) denote
an ¢ -ball around u € RV, an ¢ -neighborhood of a forma-
tion is defined by BE(G{I(O)) . A number of control strat-
egies have been proposed in the literature for creating a
polygonal formation from an arbitrary aggregate of robots.
In [17], cyclic pursuit strategy is proposed for obtaining a
regular polygon at equillibrium. In this scheme, each robot
R; pursues R;,, with appropriate control inputs v; amd
;. Figure 2(a) shows the variables used in this context.
The evolution of these variables is given by

7 = —v,cosa; — v, cos(a; + ;) )
= ’%(v,.sina,-+v,-+1sin(oc,~+B,.))fo),., (10)
Bi = W;— 04 (11)

Itis proved in [ 17] that if the control variables are given by
v, = ky; and o, = k,a;, where k, =1 and
k, = mcsc(n/N)/2N , then the equillibrium state of the
system would be a regular polygon with N vertices. The
equillibrium values for a; and B, are o = n/N and
B = m—2n/N. Also 7 is a constant and the internal an-

gle at each vertex is given by w(1 —2/N).

Once the vehicles have converged to a sufficiently small
neighborhood of a polygonal formation, they enter a for-
mation keeping phase. The control rules for this phase
have to make sure that the formation does not deviate from
an ideal polygon too much, or, in other words, it stays
within Ba(G{I(O)). We will use the concept of virtual
leaders proposed in [15]. We design the desired position
for the non-holonomic vehicle R; as

0,0 = D) A0 = Sp (55 (12)
where
L pis) = = VaGr(@n(0) + Basn - a(n) . (13)

pi(s;) denotes the trajectory of q ,-d(t) , parametrized by s; .
Op(s;)/ Os; is the tangent to the trajectory. §; is the speed
of traversal of the trajectory. q,-d(t) can be regarded as the
virtual leader of R;. q(¢) is the desired position of the
centre of mass and should be designed according to appli-
cation. It plays the role of the virtual leader for the whole
formation. Note that this control rule effectively decouples
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formation keeping and maneuvering which is very desira-
ble. The original control rule proposed in [15] is
P ~
gpi(si) = —Vq,0Gr(qe(1) , (14)
where ép is the same as G, but q(7) is replaced with
qa(?) . This non-decoupled strategy may not be apropriate
for every kind of formation function. Unless
||qd(t) —q(t )|| is very small or the speed is very low, the
path taken by individual robots may not be collision-free.

As an expression for -V Gp(qp(?)) , we can use the re-
sultant of a normal and a tangential motion. Thus, the dy-
namics of the whole formation can be concisely represent-
ed as (see figure 2(b))

§p(s) = BM(rely—x(1) o N+
S
BN (z(1) - s,(2)) o T+ Bsn(lau() - q(n)l)1y

where the black circle denotes Hadamard product and

, (15)

O p(s) = [gpo(so), ...,LpN,1<sN,1>} . (16)

os Osy_

N = [No(to(£)s ..o No(ty_o(e))] (17)
T = [Te(to(0). ... Te(ty_ ()] (18)
N([tor -ortiy1]) = M)y oMty DI, (19)
ORI TOR TG (20)
z(t) = [zo(2), ..., Zy_1(D)]T . (21)

s,(z) is the shift operator, whose output is defined by

[s1(Z)]g = zy_1(2) , [51(Z)], = z¢(2), etc. Also,
Ne(z(0) = Ni = n(q,()-q(1)) (22)
Te(t(0) = Tr = n(qi- (D~ q,1(1) (23)
() = &) (24)

2n

Note that 0 < 1,(¢) <1 is a parametrization of the circle
and @,(¢#) denotes the angle between the x axis and the
vector connecting the centre of mass to the robot. Here,
n(u) isany monotonic function of its argument. It can be
used to regulate the speed. Given qid(t), the non-holo-
nomic control rule implemented on each robot causes
q,(?) to track the desired point.

The linear and angular velocities are given by

w0 = (@@, 0-a @) (Srigi) . @)

@:(1) = ko(0; (1)~ 0,(1)) + 0:,(1) , (26)

0. (1) = at J’id(t) -0 .

R EY P @7
This is a well-known control rule for nonholonomic unicy-
cles. Initially, q4(#) = q(#) . The trajectory for qu(?)

can be represented as the parametrized curve py(s,) such
that
2

Po(50)S0 - (28)

= t _
qa(?) D50

Opo(sy)/ 0s, will be designed in later sections. The integ-
rity of the formation is maintained by regulating the speed
of traversal of the paths p;(s,), i.e. §;. In [15], the authors
propose to define

8§ = Cexp(_ai| qid(t)_qi(t)”) > (29)
S0 = r—exp| - Y 4, (-] | . GO
Ha—sopo(so) =0

for ¢, vy, o, 0y > 0. v, is a nominal speed. Besides the
closeness of the formation to the desired one, other factors
can also affect $,. In the following, by $,, we only mean
that component of the speed which is related to formation
keeping. Other factors affecting the speed of the virtual
leader are included as part of the design for dp,(s,)/ Os, .

3. Field interpolation by polygonal for-
mations

Interpolation on polygons can be done by barycentric co-
ordinates ([18],[19]). Let the domain Q,(¢) c R’ denote
the inside of the (assumed convex) polygonal formation,
with boundary 0Q. Let p € Q, be a given point. Any
vector of real numbers

o(p, qp) = [0ty 0y, ooy 0Ly 1] (31)

is called the generalized barycentric coordinates of p if
(1) the coordinates have linear precision, i.e., they can re-
produce a linear function exactly, p = o(p, qp) - qp, (2)
the coordinates are non-negative and bounded to guaran-
tee no under- or over-shooting in the coordinates,
0<a;<1, (3) the coordinates form a partition of unity to
assure constant precision and to make the formulation in-
variant to both translation and rotation, X,a; = 1, (4) the
coordinates are infinitely differentiable with respect to
their arguments to ensure smoothness when a node q; is
moved, o, € C”, (5) we have o, = §,;, where §,, is the
Kronecker delta function. Conditions 1 and 2 are called af-
fine combination. Positivity of the coordinates (condition
2) is called convex combination. The functions
o0 RORM SR, i=0,..,N-1, are also called
C° shape functions associated with p .

Let f:R*> — R represent a field defined on the plane (alti-
tude measurements). We assume that the vehicles can
measure the field at their respective positions, giving the
values f(q,(¢)) = fi(¢). An interpolant (or interpolation
scheme) of f, based on polygon P, is a function f:
Q — R defined by

(p) = a,(p, qp) (1) , (32)
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where fp(¢) = [fy(2), ..., fy_ 1 (1)]" . f(p) is the interpo-
lated value of f(p) . f generates a vector of barycentric co-
ordinates and takes the inner product of this vector and the
vector composed of field values at the vertices. The coor-
dinates generated by f should of course satisfy the above
conditions. Condition 5 above makes sure that the interpo-
lated value at a vertex is equal to node data:
f(q;(?)) = f;(¢) . Conditions 2 and 3 ensure that the inter-
polated values are bounded between the minimum and
maximum _  of the nodal values:
min;{f;} <f(p) <max,{f;} . Along the edges of the pol-
ygon, the interpolant must be piece-wise linear (i.e., C°).
This can be stated as

f(t) = of,+ (1-Df,,, (33)

g =1q;+(1-1)q, (34)
where g € 0Q and T € [0, 1].

If w(p, qp) = [Wo(p, @p)s - Wy 1(p. qp)]" s a vector
of real numbers such that

w(p, qp) - (qp—ply) = 0, (35)

then partition of unity coordinates can be found by the for-
mula

ai(p, qp) = wi(p, qe)/ (Ziwi(p, qp)) - (36)
wi(p, qp) ‘s are called (non-normalized) weight functions.

There are a plethora of methods for defining shape func-
tions. Some do not satisfy all the desired properties. Some
are only defined for regular polygons. In this section, we
will present a method based on Wachspress construction
which can be used for irregular but convex polygons (thus
providing for some robustness to deviations from a perfect
polygon). Wachspress formula for non-normalized weight
functions is

w; = A(q;-1, Q5 Q1) H A(Qi-1, 9 P) - (37)
ke {ii+1}
It can be proved that coordinates based on this formula sat-
isfy all the properties. For the case of a triangle, it reduces
to the original triangulat barycentric coordinates. In [20], a
simpler local formula is given for when p is strictly inside
the polygon. If this is the case, then

A(qi-15 95> 9i+1) ' (38)
A(qi—la qiap)A(qia qi+ lap)
It can be shown that this expression simplifies to
cot(8,(1)) + cot(1,(2))

lp a0l
Figure 3(a) shows the various terms used in these formu-
las. For numerical stability reasons, instead of cot(d,(¢))

and cot(X,(?)), we use the expressions . (p, q; q;_1)
and u..(p, q; q,+1) , respectively, where

Wi(pa qP) =

wi(p, qp) = (39)

(Z3 722) ) (Zl 722) (40)

Ue(Z15 22, 23) = ”(23 —2z,) % (z4 —22)" .

(b)
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figure 3: (a) Interpolation on a convex polygon. (b) Construction of
the interpolated isocline.

If p is very close to the boundary, a simple linear interpo-
lation or the original Wachspress formula should be used.
Closeness to boundary is determined by the condition

(i —q) x (p—q.())| <ellgi1—al » (41)
in which case we can define
f(p) = 1p)f(a) + (1 -1 (P)F(Q 1) . (42)
where
- ”(p — qi(t)) ) (qH l(t) — Q;(f))” 43
") ROETO . @

In the next section, we will try to reconstruct a particular
isoline of the interpolated field. To do this, we need to
compute the gradient of f(p). Simple calculations show
that

Vip) = £5p) = Y Salpanin, @
i=0
where

aﬁal,_(p, qp) = Q(w,-(p, qp)/ (Zowi(p, qp)))  (45)
p op

- (Zwk(p, q»] Sl a) . @6)
k

- Wi(p7 qP)(Zwk(pa qP)) Z%Wk(pa qP)
k k

where
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2 o) = L9 (o5 + cot(R)) + . (47)
op lp— ||
: Ll) _OJ (9, 1—q))
no= = - (48)
||p - (Ii|| ”(qzw -q)x(p- Qi)ll

|:1 0:| (q;+1—9q))

0 -1
(a1 —a:) x (@ —q)|*

If p is close to the boundary, as determined by non-equal-
ity (41), we use a simple linear interpolation:

o f..(0)—f(t
D) = S -1)
op a1 () — q,(0)

oo,(p, qp)/ 0p , like o, (p, qp) are invariant to translation
and rotation of the formation.

(q;1(1) —qi(1)) - (49)

To track a desired isoline value ¢, of the underlying field,
we construct the corresponding isoline of the interpolated
field and track it instead. This interpolated isoline is our
observation of the real iso-contour. Tracking this curve
and making sure that it is accurate enough (i.e., close
enough to the real one) are decoupled in our method. The
desired curve is the solution to the equation f(p) = ¢,,
where p € Q. We are assuming that this solution is a
unique curve. If that is not the case, then the size of the for-
mation is too large with respect to variations in the under-
lying field. To reconstruct the curve, we should first find
one of its end-points. This end-point lies on one of the edg-
es of the polygon. Let y(s, #) denote the curve, y(s, ?) is
the position of one of the end-points and y(s; t) denotes
the other end-point.

To locate y(s,, t) , we iterate over all the edges and find the

edge {q,q;: 1}, with the smallest i, such that
c, € [fi(t)—dy(2), fi(t) + d;(¢)] where

() = 300+ 1,1 (50)
and

A1) = 3O 1) (51
Now, we have

V(so, 1) = q (1) T w(q. (1) —q (1)) , (52)

— _ f(q (t)) , (53)
f(q.(1)) —1f(q (1))

where

q () = argming. g o ) {0, F00(0)} (54)

and similarly for q.(¢) (replace min with max).

Next, we have to determine the direction of traversal of vy .
This direction should be towards the inside of the polygon
and is given by

5 = sign((@,1(0 - /) x L5, 0) - 59)

Letting v(t,) = (s, t), initially, the trace of v under the
evolution equation

QV(T) O115(1)m(f(V(1))) + (56)
otlez‘;rl(czﬁf(\’(T))) R )f( (v)

would be the desired curve. Depending on the gains a,
and a,, tracking the contour can be made as accurate as
desired. Evolution stops when, for some t, v(t) ¢ Q. Al-
s0, Y(ss t) = v(1,) such that v(t,) € 0Q, where 1,# 1.
In practice, we use a discrete version of y which is sam-
pled along the way. We denote the sample points by y[k] ,
k=0,..,M-1, where y[0] and y[M—-1] denote
the end-points.

The behaviour of the interpolation scheme is problematic
near the boundary and if we use simple linear interpolation
at points close to the boundary, the interpolated field and
its gradient experience discontinuity at the bounadry sepa-
rating the region safely inside the polygon and the one very
close to 0Q). This would be seen as a small deviation of
the constructed curve towards alighnment of its normal
with polygon sides which is the result of the strategy we
use to interpolate at and near polygon boundary. To allevi-
ate this effect, it is beneficial to define a safety circle C(¢)

centred at q(¢z) with a sufficiently small radius r(z). A
rule of thumb for selecting a value for this radius is to put

r(t) = min,{[q.(5) - q(0)]} —m, (57)

where m; is a safety margin. Given this circle, we can ex-
tract that part of y which is inside this circle. Suppose s,
is the first s such that y(5,, ¢) is on or inside the safety cir-
cle and 5, is the last s with this property. Then y(sq, 7)
and y(s, t) would mark the two end-points of the contour.
In the discrete version, we find the least £ (denoted k)
and the biggest £ (denoted k) such that y[k,] and y[4/]
are on or inside the circle and use the sequence y[k,],
Y[ko+1],..., Y[k/] as the sampled curve. See figure 3(b)
for illustration.

4. Isocline tracking control

Here, we present three simple tracking strategies.

1. The simplest way to track an isoline is to move the virtu-
al leader (the desired goal for the centre of mass) towards
the interpolated isoline and, at the same time, move along
it. This behaviour is captured in the control law (figure

4(a))
aa Pos0) = a,(BNy(te. )+ B Ty(t )+ . (58)
(1—a,)Bs(c,— F(q())) Vs f(@(0)

where a, = 1 if y exits and is zero otherwise, PB; is a
gain, T denotes the value of the parametrization of y for
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(b)

figure 4: (a) Tracking the reconstructed isocline. (b) Lateral and
longitudinal control of the formation centre.

which y(¢,1¢) is the closest point to (_1(t). This closest
point is also denoted Q,,(q(¢)) . Also

Ny(te. 1) = n(Q,(q(1))) (59)
is normal to the curve at 7. , and

N y t’ T . 6 ~ 1

(e = 225 it = Zi ) (60)
vz wo) or
is the local tangent at t. . The gain ; determines how
fast the formation should react to normal variations in the
tracked position y(#, 1) and B, determines the speed of
traversal.

2. To reduce chattering when close to the isocline and di-
courage moving along the tangent when far from it, we can
make B, and B, functions of the normal distance. Let us
define

B = 140, 5(Q(1) , and (61)
B, = vi(l-0,,(Q(1)), (62)
where Q(1) = [0,(a()] , and
Gy q(u) = ! (63)

1+ exp(-4q(u—p))
This implements a smooth switching mechanism between
the two tangential and normal behaviours [1]. vy and v,
denote the nominal normal and tangential speeds. For par-
ticular values chosen for € > 0 and small & > 0, if we set

po L

()
4e 1-8
then we will have B, 2 vy(1-8) (B, <vyd)and B, <v;8
(B22v(1-8))when Q(¢)2e+e (Q(t)<e—¢).

3. An alternative way of moving towards the reconstructed
isocline is to model the motion of the centre of the forma-
tion as a non-holonomic device. To do this, we can associ-
ate a heading vector with the centre. In this case, instead of
determining normal and tangential speeds, we should de-
sign lateral and longitudinal speeds. Also, instead of mov-
ing towards the closest point and sliding along the tangent
to the curve, we should now designate a lookahead point
on the curve which would serve as the desired goal for the
centre of mass of the formation. Using a lookahead makes
tracking more robust to fluctuations of the path (whose ob-
servation changes over time). This is the method usually
employed for tracking of a known path by non-holonomic
robots. figure 4(b) illustrates this. The lookahead point is
computed as

L(v,q(0)) = y(t,tc + D)), (65)

D = sign((y[ke+ 11-vlke]) - Ty(ze, 1) (66)

where k. is the index of the sample point immediately be-
fore y(t¢). {ylkcl, Y[ke+ 11} is thus the segment on
which Q(¢) is located. Also, t, is the lookahead length. If
the computed lookahead point exceeds the end points of
the curve, then we set L(y,q(?)) = y(s,1) or
L(y, q(t)) = v(z,0), depending on the direction. The
virtual centre of mass is moved according to the following
control laws ([16]) for longitudinal and lateral move-
ments:

; (64)

ve(t) = ap— a(t) — L(v, q(0)l cos(Ap)so + , (67)
(1-a)Bs(cs— F(q(1)) Vyi f(a(0))
0c(t) = a, (kAo + ¢a), (68)

where v, is a nominal speed, p; is a desired distance be-
tween the centre of mass the lookahead and £ is a positive
gain. §, denotes the formation feedback. Note that with
this control scheme, longitudinal and lateral responsive-
ness play the same role as tangential and normal respon-
sive-ness in the previous scheme. If they are designed
carefully, it is possible to produce smooth motion even
against very rugged terrain or the presence of large noises.

5. Simulations

Figure 5(a) shows a simulation run for a formation with
N = 5 vehicles and rp = 100. We have set §;, = 40
and B, = 400. Also, k, = 5.5 and k, = 50. The simu-
lations are synchronous and the vehicles carry on identical
motions. It is furthermore assumed that the designed linear
and angular velocities are within the tolerance of the vehi-
cles and there is no error in measurement, although there is
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figure 5: (a) Small normal forcing. (b) Rugged terrain. (¢) High normal
gain.

error in interpolation because of the size of the formation.
As is seen, the produced path for the robots is quite
smooth. The reason is that the formation is always moving
forward on the line on which the tangent to the curve lies
and the spring for normal motion is not very stiff. Figure
5(b) shows the same formation in a very rugged terrain.
The maximum field value is 6000. Underlying smooth
field values have been contaminated with a uniform noise

figure 6: (a) Smooth switching between normal and tangential mo-
tions. (b) Non-holonomically modelled formation centre, tracking a
lookahead on the reconstructed curve.

in the range [-60, 60] . It is seen that the behaviour has not
changed and the paths are still smooth. Figure 5(c) shows
the paths for a formation on a smooth terrain with
B = 200 . Figure 6(a) shows a simulation run of a forma-
tion employing adaptive gain strategy. The initial position
is marked by a black disk and the arrows show parts of the
path where motion is mainly translation, along the normal,
towards the curve. In this simulation, € = 5, ¢ = 10,
S = 0.00001, and vy = v; = 200 . Figure 6(b) shows a
simulation run for a formation employing the third control
strategy.

6. Conclusions and future research

In this paper, we presented a gradient-free method for
tracking iso-contours using a robotic network. The basic
idea was that of transforming the problem of following the
gradient (and its conjugate) into that of tracking a curve
which is an isocline of a locally reconstructed distribution.
The particular polygonal shape of the formation allows the
use of interpolation schemes. With this robust method,
smooth paths can be produced even when the underlying
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field is very rugged or measurements and/or actuation are
noisy. There are several issues which merit further consid-
eration. First of all, to minimize interpolation error, the
size of the formation has to be adaptively changed. Rele-
vant initial results will be presented elsewhere. Secondly,
the interpolation method used allows for some deviation
from the rigid shape as long as it remains convex. We will,
in the future, consider methods which can handle non-con-
vex polygons as well. Future research should also aim at
explicitly dealing with noise in various sensor/actuator
modalities. Finally, autonomous selective sampling of iso-
clines should be addressed.
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